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Abstract Cylindrically symmetric inhomogeneous string cosmological models are investi-
gated in presence of string fluid as a source of matter. To get the three types of exact solutions
of Einstein’s field equations we assume A = f (x)k(t), B = g(x)�(t) and C = h(x)�(t).
Some physical and geometric aspects of the models are discussed.
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1 Introduction

In recent years, there has been considerable interest in string cosmology because cosmic
strings play an important role in the study of the early universe. These strings arise during
the phase transition after the big bang explosion as the temperature goes down below some
critical temperature as predicted by grand unified theories [14–16, 36, 47, 48]. Moreover, the
investigation of cosmic strings and their physical processes near such strings has received
wide attention because it is believed that cosmic strings give rise to density perturbations
which lead to formation of galaxies [36, 46]. These cosmic strings have stress energy and
couple to the gravitational field. Therefore, it is interesting to study the gravitational effect
which arises from strings by using Einstein’s equations.

The general treatment of strings was initiated by Letelier [20, 21] and Stachel [33]. Lete-
lier [20] obtained the general solution of Einstein’s field equations for a cloud of strings
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with spherical, plane and a particular case of cylindrical symmetry. Letelier [21] also ob-
tained massive string cosmological models in Bianchi type-I and Kantowski-Sachs space-
times. Banerjee et al. [8] have investigated an axially symmetric Bianchi type I string dust
cosmological model in presence and absence of magnetic field. Exact solutions of string
cosmology for Bianchi type-II, -VI0, -VIII and -IX space-times have been studied by Krori
et al. [18] and Wang [37]. Wang [38–41] and Yadav et al. [42, 43] have investigated bulk
viscous string cosmological models in different space-times. Bali et al. [1–5, 7] have ob-
tained Bianchi type-I, -III, -V and type-IX string cosmological models in general relativity.
The string cosmological models with a magnetic field are discussed by Chakraborty [13],
Tikekar and Patel [34, 35], Patel and Maharaj [22]. Ram and Singh [29] obtained some
new exact solution of string cosmology with and without a source free magnetic field for
Bianchi type I space-time in the different basic form considered by Carminati and McIntosh
[12]. Singh and Singh [30] investigated string cosmological models with magnetic field in
the context of space-time with G3 symmetry. Singh [31, 32] has studied string cosmology
with electromagnetic fields in Bianchi type-II, -VIII and -IX space-times. Lidsey, Wands
and Copeland [19] have reviewed aspects of super string cosmology with the emphasis on
the cosmological implications of duality symmetries in the theory. Yavuz et al. [44] have ex-
amined charged strange quark matter attached to the string cloud in the spherical symmetric
space-time admitting one-parameter group of conformal motion. Kaluza-Klein cosmologi-
cal solutions are obtained by Yilmaz [45] for quark matter attached to the string cloud in
the context of general relativity. Recently Pradhan et al. [25–27] have studied higher dimen-
sional strange quark matter coupled to the string cloud with electromagnetic field admitting
one parameter group of conformal motion.

Cylindrically symmetric space-time play an important role in the study of the universe
on a scale in which anisotropy and inhomogeneity are not ignored. Inhomogeneous cylindri-
cally symmetric cosmological models have significant contribution in understanding some
essential features of the universe such as the formation of galaxies during the early stages
of their evolution. Bali and Tyagi [6] and Pradhan et al. [23, 24] have investigated cylindri-
cally symmetric inhomogeneous cosmological models in presence of electromagnetic field.
Barrow and Kunze [9, 10] found a wide class of exact cylindrically symmetric flat and open
inhomogeneous string universes. In their solutions all physical quantities depend on at most
one space coordinate and the time. The case of cylindrical symmetry is natural because of
the mathematical simplicity of the field equations whenever there exists a direction in which
the pressure equal to energy density.

Recently Baysal et al. [11], Kilinc and Yavuz [17], Pradhan [28] and Pradhan et al. [26,
27] have investigated some string cosmological models in cylindrically symmetric inhomo-
geneous universe. In this paper, we have revisited their solutions and obtained a new class
of solutions. Here, we extend our understanding of inhomogeneous string cosmologies by
investigating the simple models of non-linear cylindrically symmetric inhomogeneities out-
lined above. This paper is organized as follows: The metric and field equations are presented
in Sect 2. In Sect. 3, we deal with the solution of the field equations in three different cases.
Finally, the results are discussed in Sect. 4. The solutions obtained in this paper are new and
different from the other author’s solutions.

2 The Metric and Field Equations

We consider the metric in the form

ds2 = A2(dx2 − dt2) + B2dy2 + C2dz2, (1)
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where A, B and C are functions of x and t . The Einstein’s field equations for a cloud of
strings read as [21]

G
j

i ≡ R
j

i − 1

2
Rg

j

i = −(ρuiu
j − λxix

j ), (2)

where ui and xi satisfy conditions

uiui = −xixi = −1, (3)

and

uixi = 0. (4)

Here, ρ is the rest energy of the cloud of strings with massive particles attached to them.
ρ = ρp + λ, ρp being the rest energy density of particles attached to the strings and λ the
density of tension that characterizes the strings. The unit space-like vector xi represents the
string direction in the cloud, i.e. the direction of anisotropy and the unit time-like vector ui

describes the four-velocity vector of the matter satisfying the following conditions

giju
iuj = −1. (5)

In the present scenario, the commoving coordinates are taken as

ui =
(

0,0,0,
1

A

)
(6)

and choose xi parallel to x-axis so that

xi =
(

1

A
,0,0,0

)
. (7)

The Einstein’s field equations (2) for the line-element (1) lead to the following system of
equations:

G1
1 ≡ B44

B
+ C44

C
− A4

A

(
B4

B
+ C4

C

)
− A1

A

(
B1

B
+ C1

C

)
− B1C1

BC
+ B4C4

BC
= λA2, (8)

G2
2 ≡

(
A4

A

)
4

−
(

A1

A

)
1

+ C44

C
− C11

C
= 0, (9)

G3
3 ≡

(
A4

A

)
4

−
(

A1

A

)
1

+ B44

B
− B11

B
= 0, (10)

G4
4 ≡ −B11

B
− C11

C
+ A1

A

(
B1

B
+ C1

C

)
+ A4

A

(
B4

B
+ C4

C

)
− B1C1

BC
+ B4C4

BC
= ρA2, (11)

G1
4 ≡ B14

B
+ C14

C
− A4

A

(
B1

B
+ C1

C

)
− A1

A

(
B4

B
+ C4

C

)
= 0, (12)

where the sub indices 1 and 4 in A, B , C and elsewhere denote differentiation with respect
to x and t , respectively.
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The velocity field ui is irrotational. The scalar expansion θ , shear scalar σ 2, acceleration
vector u̇i and proper volume V 3 are respectively found to have the following expressions:

θ = ui
;i = 1

A

(
A4

A
+ B4

B
+ C4

C

)
, (13)

σ 2 = 1

2
σijσ

ij = 1

3
θ2 − 1

A2

(
A4B4

AB
+ B4C4

BC
+ C4A4

CA

)
, (14)

u̇i = ui;juj =
(

A1

A
,0,0,0

)
, (15)

V 3 = √−g = A2BC, (16)

where g is the determinant of the metric (1). Using the field equations and the relations (13)
and (14) one obtains the Raychaudhuri’s equation as

θ̇ = u̇i
;i − 1

3
θ2 − 2σ 2 − 1

2
ρp, (17)

where dot denotes differentiation with respect to t and

Riju
iuj = 1

2
ρp. (18)

With the help of (1)–(7), the Bianchi identity (T
ij

;j ) reduced to two equations:

ρ4 − A4

A
λ +

(
A4

A
+ B4

B
+ C4

C

)
ρ = 0 (19)

and

λ1 − A1

A
ρ +

(
A1

A
+ B1

B
+ C1

C

)
λ = 0. (20)

Thus due to all the three (strong, weak and dominant) energy conditions, one finds ρ ≥ 0 and
ρp ≥ 0, together with the fact that the sign of λ is unrestricted, it may take values positive,
negative or zero as well.

3 Solutions of the Field Equations

From (9) and (10), we obtain

B44

B
− B11

B
= C44

C
− C11

C
, (21)

and

2

(
A4

A

)
4

− 2

(
A1

A

)
1

+ B44

B
+ C44

C
− B11

B
− C11

C
= 0. (22)
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To get determinate solution we assume

A = f (x)k(t),

B = g(x)�(t),

C = h(x)�(t)

(23)

and

f1

f
= m (constant). (24)

Using (23) in (21), we get

g11

g
= h11

h
. (25)

Equations (22), (23) and (25), we have

(
k44

k
− k2

4

k2
+ �44

�

)
=

(
f11

f
− f 2

1

f 2
+ g11

g

)
= s (constant). (26)

Using (24) in right hand side of (26) leads to

g11

g
= s, (27)

which with the use of (25) leads to

g11

g
= h11

h
= s. (28)

Equation (28) leads to

g = h =
⎧⎨
⎩

c1 cosh(
√

sx + x0) when s > 0,

(c1x + c2) when s = 0,

c1 cos(
√|s|x + x0) when s < 0,

(29)

where c1, c2 and x0 are constants of integration.
Using (23) in (12), we have

�4
�

k4
k

=
g1
g

+ h1
h

g1
g

+ h1
h

− 2f1
f

= b (constant). (30)

Equation (30) leads to

�4

�
= b

k4

k
, (31)

which after integration gives

� = nkb, (32)

where n is constant of integration. Using (32) in (26), we have

�44

�
− 1

(1 + b)

�2
4

�2
= N, (33)
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where N = sb
(1+b)

. Equation (33) leads to

� =

⎧⎪⎪⎨
⎪⎪⎩

c
(1+b)

b

3 cosh
(1+b)

b (
√

rt + t0) when r > 0,

(c3t + c4)
(1+b)

b when r = 0,

c
(1+b)

b

3 cos
(1+b)

b (
√|r|t + t0) when r < 0,

(34)

where r = Nb
(1+b)

and c3, c4, t0 are constants of integration.
Hence from (32) we obtain

k =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

c

(1+b)

b2
3

n
1
b

cosh
(1+b)

b2 (
√

rt + t0) when r > 0,

(c3t+c4)

(1+b)

b2

n
1
b

when r = 0,

c

(1+b)

b2
3

n
1
b

cos
(1+b)

b2 (
√|r|t + t0) when r < 0.

(35)

Equation (24) leads to

f = emx. (36)

Now we consider the following three cases.

3.1 When s > 0 and r > 0

In this case we have

A = αemx cosh
(1+b)

b (
√

rt + t0), (37)

B = C = β cosh(
√

sx + x0) cosh
(1+b)

b (
√

rt + t0), (38)

where α = c

(1+b)

b2
3

n
1
b

and β = c1c
(1+b)

b

3 .

After using suitable transformation of the co-ordinates

X = x + x0√
s
, Y = y, Z = z, T = t + t0√

r
, (39)

the metric (1) reduces to the form

ds2 = α2e
2m(X− x0√

s
)
cosh

2(1+b)

b2 (
√

rT )(dX2 − dT 2)

+ β2 cosh2(
√

sX) cosh
2(1+b)

b (
√

rT )(dY 2 + dZ2). (40)

In this case the physical parameters, i.e. the string tension density (λ), the energy density
(ρ), the particle density (ρp) and the kinematical parameters, i.e. the scalar of expansion
(θ), shear tensor (σ ), the acceleration vector (u̇i) and the proper volume (V 3) for the model
(40) are given by

λ = 1

α2e
2m(X− x0√

s
)
cosh

2(1+b)

b2 (
√

rT )

[
2(1 + b)r

b2
+ (1 + b)(b2 + b − 2)r

b3
tanh2(

√
rT )
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− √
s tanh(

√
sX){2me

m(X− x0√
s
) + √

s tanh(
√

sX)}
]
, (41)

ρ = 1

α2e
2m(X− x0√

s
)
cosh

2(1+b)

b2 (
√

rT )

[
(1 + b)2(2 + b)r

b3
tanh2(

√
rT )

+ √
s tanh(

√
sX){2me

m(X− x0√
s
) − √

s tanh(
√

sX)} − 2s

]
, (42)

ρp = 1

α2e
2m(X− x0√

s
)
cosh

2(1+b)

b2 (
√

rT )

[
2(1 + b)(2 + b)r

b3
tanh2(

√
rT )

+ 4
√

se
m(X− x0√

s
)
tanh(

√
sX) − 2(1 + b)r

b2
− 2s

]
, (43)

θ = (1 + b)(1 + 2b)
√

r tanh(
√

rT )

b2αe
m(X− x0√

s
)
cosh

(1+b)

b2 (
√

rT )

, (44)

σ 2 = (1 + b)2(b − 1)2r tanh2(
√

rT )

3b4α2e
2m(X− x0√

s
)
cosh

2(1+b)

b2 (
√

rT )

, (45)

u̇i = (m,0,0,0), (46)

V 3 = √−g = α2β2e
2m(X− x0√

s
)
cosh2(

√
sX) cosh

2(1+b)

b2 (
√

rT ). (47)

From (44) and (45), we obtain

σ 2

θ2
= (b − 1)2

3(2b + 1)2
= constant. (48)

The energy conditions ρ ≥ 0 and ρp ≥ 0 are satisfied for the model (40). The conditions
ρ ≥ 0 and ρp ≥ 0 lead to

(1 + b)2(2 + b)r

b3
tanh2(

√
rT ) + √

s tanh(
√

sX)

×
{

2me
m(X− x0√

s
) − √

s tanh(
√

sX)

}
≥ 2s (49)

and

2(1 + b)(2 + b)r

b3
tanh2(

√
rT ) + 4

√
se

m(X− x0√
s
)
tanh(

√
sX) ≥ 2(1 + b)r

b2
+ 2s (50)

respectively. From (41), we observe that the string tension density λ ≥ 0 leads to

tanh2(
√

rT ) ≥ b3√s tanh(
√

sX)

(1 + b)(b2 + b − 2)

{
2me

m(X− x0√
s
) + √

s tanh(
√

sX)

}
− 2br

(b2 + b − 2)
.

(51)
The model (40) are shearing, accelerating and non-rotating. For b < −1, when T → 0,
θ → 0 and when T → ∞, θ → ∞. Hence for b < −1, the model is expanding. Since σ

θ
=

constant, therefore the model does not approach isotropy. But we observe that for b = 1,
shear scalar is zero and hence the model isotropizes for this value of b. We also observe that
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when T → ∞, the proper volume V 3 → ∞ and ρ → 0. Hence volume increases when T

increases and the energy density is a decreasing function of T .

3.2 When s = 0 and r = 0

In this case we obtain

A = (c3t + c4)
(1+b)

b2

n
1
b

emx, (52)

B = C = (c1x + c2)(c3t + c4)
(1+b)

b . (53)

By using suitable transformation, the metric (1) reduces to the form

ds2 = α2e2m(X−δ)T
2(1+b)

b2 (dX2 − dT 2) + β2X2T
2(1+b)

b (dY 2 + dZ2), (54)

where x = X − δ, y = Y , z = Z, t + c4
c3

= T , δ = c2
c1

. α and β are already defined in previous
section.

In this case the physical parameters, i.e. the string tension density (λ), the energy density
(ρ), the particle density (ρp) and the kinematical parameters, i.e. the scalar of expansion
(θ), shear tensor (σ ), the acceleration vector (u̇i) and the proper volume (V 3) for the model
(40) are given by

λ = 1

α2e2m(X−δ)T
2(1+b)

b2

[
(1 + b){b(3 + b) − 2(1 + b)}

b3

1

T 2
− 2m

X
− 1

X2

]
, (55)

ρ = 1

α2e2m(X−δ)T
2(1+b)

b2

[
(1 + b)2(2 + b)

b3

1

T 2
+ 2m

X
− 1

X2

]
, (56)

ρp = 1

α2e2m(X−δ)T
2(1+b)

b2

[
(1 + b)(4 − b)

b3

1

T 2
+ 4m

X

]
, (57)

θ = (1 + b)(1 + 2b)

b2

1

αem(X−δ)T
b(1+b)+1

b

, (58)

σ 2 = (1 + b)2(b − 1)2

b3

1

α2e2m(X−δ)T
2b(1+b)+2

b2

, (59)

u̇i = (m,0,0,0), (60)

V 3 = √−g = α2β2e2m(X−δ)X2T
2(1+b)2

b2 , (61)

σ 2

θ2
= b(b − 1)2

(1 + 2b)2
= constant. (62)

The energy conditions ρ ≥ 0 and ρp ≥ 0 are satisfied for the model (54). The conditions
ρ ≥ 0 and ρp ≥ 0 lead to

(1 + b)2(2 + b)

b3

1

T 2
≥ 1

X2
− 2m

X2
, (63)
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and

(1 + b)(4 − b)

b3

1

T 2
+ 4m

X
≥ 0, (64)

respectively. From (55), we observe that the string tension density λ ≥ 0 leads to

(1 + b){b(3 + b) − 2(1 + b)}
b3

1

T 2
≥ 2m

X
+ 1

X2
. (65)

The model (54) has singularity at T = 0. The model starts with a big bang singularity at
T = 0 and continue to expand till T = ∞. Since σ

θ
= constant, therefore the model does

not approach isotropy. But we observe that for b = 1, shear scalar is zero and hence the
model isotropizes for this value of b. We also observe that when T → ∞, the proper volume
V 3 → ∞ and ρ → 0. Hence volume increases when T increases and the energy density is
a decreasing function of T . Generally the model (54) represents an expanding, shearing,
accelerating and non-rotating universe.

3.3 When s < 0 and r < 0

In this case we obtain

A = αemx cos
(b+1)

b2 (
√|r|t + t0), (66)

B = C = β cos(
√|s|x + x0) cos

(b+1)
b (

√|r|)t + t0). (67)

By using suitable transformation, the metric (1) reduces to the form

ds2 = α2e
2m(X− x0√

s
)
cos

2(b+1)

b2 (
√|r|T )(dX2 − dT 2)

+ β2 cos2(
√|s|X) cos

2(b+1)

b2 (
√|r|T )(dY 2 + dZ2). (68)

In this case the physical parameters, i.e. the string tension density (λ), the energy density
(ρ), the particle density (ρp) and the kinematical parameters, i.e. the scalar of expansion
(θ), shear tensor (σ ), the acceleration vector (u̇i) and the proper volume (V 3) for the model
(40) are given by

λ = 1

Ł2e
2m(X− x0√|s| ) cos

2(b+1)

b2 (
√|r|T )

×
[
−2(b + 1)|r|

b
+ (b + 1)(b2 + b − 2)

b3
|r| tan2(

√|r|T )

+ √|s| tan(
√|s|X)

{
2ne

m(X− x0√|s| ) − √|s| tan(
√|s|X)

}]
, (69)

where α = −Ł, Ł > 0.

ρ = 1

Ł2e
2m(X− x0√|s| ) cos

2(b+1)

b2 (
√|r|T )

×
[

(b + 2)(b + 1)2

b3
|r| tan2(

√|r|T ) + 2|s|
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− √|s| tan(
√|s|X)

{
2ne

m(X− x0√|s| ) + √|s| tan(
√|s|X)

}]
, (70)

ρp = 1

Ł2e
2m(X− x0√|s| ) cos

2(b+1)

b2 (
√|r|T )

×
[

2(b + 2)(b + 1)

b3
|r| tan2(

√|r|T ) + 2|s|

− 4
√|s|me

m(X− x0√|s| ) tan(
√|s|X) + 2(b + 1)|r|

b

]
, (71)

θ = (b + 1)(2b + 1)|r| tan(
√|r|T )

b2Łe
m(X− x0√|s| ) cos

(b+1)

b2 (
√|r|T ),

(72)

σ 2 = (b − 1)2(b + 1)2|r| tan2(
√|r|T )

3b4Ł2e
2m(X− x0√|s| ) cos

2(b+1)

b2 (
√|r|T )

, (73)

u̇i = (m,0,0,0), (74)

V 3 = Ł2β2e
2m(X− x0√|s| ) cos2(

√|s|X) cos
2(b+1)

b2 (
√|r|T ). (75)

From (72) and (73), we obtain

σ 2

θ2
= (b − 1)2

3(2b + 1)2
= constant. (76)

The model (68) starts expanding at T = 0 and attains its maximum value at T = π

4
√|r| . After

that θ decreases to attain its minimum value at T = 3π

4
√|r| . The model oscillates with period

π

2
√|r| . The model is shearing and non-rotating. Since σ

θ
= constant, therefore the model does

not approach isotropy. But we observe that for b = 1, shear scalar vanishes. Hence b = 1 is
the isotropy condition.

4 Concluding Remarks

In this paper we have obtained a new class of exact solutions of Einstein’s field equations in
cylindrically symmetric inhomogeneous space-time with string fluid. The models (40) and
(54), in general, are expanding, shearing and non-rotating. The model (68) is oscillating,
shearing and non-rotating. All these three models do not isotropize. The model (54) is sin-
gular whereas the model (40) is non-singular. It is important to note here that the models
(40), (54) and (68) reduce to homogeneous universe when m = 0 and s = 0. This shows
that for m = 0 and s = 0, inhomogeneity dies out. In this case all these models are non-
accelerating.
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